The kinetics of a triple junction of grain boundaries with distinct specific energies and mobilities and a finite mobility of the triple junction is investigated. The microstructure is approximated by different 2D settings consisting of typical structural elements. First, the migration of the triple point together with the adjacent grain boundaries, is simulated, assuming that the grains are infinitely large. Secondly, growth or shrinkage of finite n-sided grains is simulated by altering the boundary conditions and the results are compared to the already published analytical solution. The numerical results coincide with the corrected analytical solution. This solution can be derived either by applying the principle of maximum dissipation, or by applying the force balance at the triple junction within the framework of linear irreversible thermodynamics. The change of the area of infinite and finite grains is investigated analytically and numerically. By comparing the results of both approaches, the influence of the initial topology of the structural elements on the kinetics of grain growth can be estimated. Furthermore, the kinetics of grain growth of different idealized grain boundary networks is investigated. It is shown that square shaped grains surrounded by hexagons and dodecagons result in a more realistic grain growth scenarios than squares surrounded by octagons. A deviation from idealized grain boundary arrangements is e.g., observed, due to different triple junction mobilities, and the initially n-sided regular grain deforms in a complex manner.
Introduction
The development of modern steels (see e.g., references [1] [2] [3] [4] [5] [6] ), superalloys (e.g., references [7, 8] ) and other technologically important materials like intermetallics (e.g., reference [9] ) and ceramics (e.g., reference [10] ) depend on a profound understanding of the microstructural changes occurring during processing and operation. In general, fine grained homogenous microstructures rank among the desired features that allow for optimal mechanical properties of these functionally oriented materials. Thus, substantial grain growth must be avoided. Grain growth is driven by the tendency to decrease the total energy of the grain boundaries in the system. These activities in materials research are nowadays complemented by computer simulations, in order to predict the evolution of the microstructure in general, or the kinetics of grain growth in particular [11] . Different simulation methods that are applicable to different length scales have been used to investigate the kinetics of grain growth numerically. Cellular automata (see e.g., references [12, 13] ) can be applied to simulate the kinetics of grain growth over the whole size range, and kinetic Potts Monte Carlo models (see e.g., references [14] [15] [16] [17] ) and phase field models (see e.g., references [18] [19] [20] [21] ) are used from micrometer to Case I: The grain boundaries are fixed at their centers. This constraint is applicable as long as these centers are sufficiently far away from the triple points. These boundary conditions imply that the grains are assumed to be infinitely large ( Figure 1a ).
Case II: The left half of grain boundary 1 and the upper half of grain boundary 3 are mirrored at the horizontal and vertical symmetry lines (Figure 1b) . Due to the symmetry of the arrangement, only the upper left quarter of the shrinking grain is investigated.
Triple Junction Relations
The unit vectors 1 e , 2 e and 3 e indicate the direction of the grain boundaries at the triple point. These unit vectors are characterized by the angles, which they enclose with the x-axis in the 2D setting; see Figure 2a . The halves of the grain boundaries 1 and 3 adjacent to the triple point are presented in Figure 2 . The vertical and horizontal symmetry planes of the grain boundaries 1 and 3, respectively are depicted by dashed lines. The notation for the directions and the angles used in Figure 2a corresponds to the notation introduced in reference [31] , whereas the angles depicted in Figure 2b correspond to the notation in reference [32] with the dihedral angle  and the turning angle . The direction of the unit vector 3 e and the y-axis is enclosed by the angle . Case I: The grain boundaries are fixed at their centers. This constraint is applicable as long as these centers are sufficiently far away from the triple points. These boundary conditions imply that the grains are assumed to be infinitely large ( Figure 1a ).
The unit vectors e 1 , e 2 and e 3 indicate the direction of the grain boundaries at the triple point. These unit vectors are characterized by the angles, which they enclose with the x-axis in the 2D setting; see Figure 2a . The halves of the grain boundaries 1 and 3 adjacent to the triple point are presented in Figure 2 . The vertical and horizontal symmetry planes of the grain boundaries 1 and 3, respectively are depicted by dashed lines. The notation for the directions and the angles used in Figure 2a corresponds to the notation introduced in reference [31] , whereas the angles depicted in Figure 2b correspond to the notation in reference [32] with the dihedral angle θ and the turning angle β. The direction of the unit vector e 3 and the y-axis is enclosed by the angle α. Case I: The grain boundaries are fixed at their centers. This constraint is applicable as long as these centers are sufficiently far away from the triple points. These boundary conditions imply that the grains are assumed to be infinitely large (Figure 1a ).
The unit vectors 1 e , 2 e and 3 e indicate the direction of the grain boundaries at the triple point. These unit vectors are characterized by the angles, which they enclose with the x-axis in the 2D setting; see Figure 2a . The halves of the grain boundaries 1 and 3 adjacent to the triple point are presented in Figure 2 . The vertical and horizontal symmetry planes of the grain boundaries 1 and 3, respectively are depicted by dashed lines. The notation for the directions and the angles used in Figure 2a corresponds to the notation introduced in reference [31] , whereas the angles depicted in Figure 2b correspond to the notation in reference [32] with the dihedral angle  and the turning angle . The direction of the unit vector 3 e and the y-axis is enclosed by the angle .
(a) (b) Figure 2 . Sketch of the situation at the triple point: (a) The directions of the grain boundaries 1, 2, and 3 at the triple point are given by the unit vectors e 1 , e 2 , and e 3 , which comprise the angles α 1 , α 2 and α 3 with the x-axis. (b) The directions of the grain boundaries 1, 2, and 3 at the triple point are determined by the dihedral angle θ, the turning angle β and the angle α enclosed by grain boundary 1 at the triple point and the x-axis. The curvature of grain boundary 1 at the triple point is denoted by κ 1 . Grain boundary 2 remains straight at any time and grain boundary 3 corresponds to grain boundary 1 mirrored at a plane perpendicular to grain boundary 2 (dash-dotted line in Figure 2 ). The curvature κ 1 occurring in grain boundary 1 at the triple point is related to the distance a by Equation (11) from reference [32] repeated here:
Following reference [32] the dimensionless parameter Λ can be introduced:
where Λ is a measure for the rate-controlling processes of the grain growth kinetics. The kinetics is controlled by processes at the grain boundary only for large values of Λ, whereas for small values of Λ, the kinetics is controlled by processes at the triple point, i.e., by the mobility of the triple point. The value Λ is small in the case of a comparably small mobility of the triple point, and decreases, since the value of the quantity a decreases during the shrinkage of a grain. Therefore, another normalized quantity Λ is defined in this work, which does not depend on the actual grain size, but only depends on the ratio of a normalized mobility of the triple point and a normalized grain boundary mobility:
with a 0 being the initial value of a. The dimensionless parameter Λ can be expressed as a function of angle β by substituting a and the ratio m T /m gb by the means of Equations (1) and (2) with the angles α 1 , α 2 , and α 3 formulated as functions of the angles α and β: α 1 = π + α, α 2 = 7π/4, and α 3 = β + α, and α is a function of β:
This result is obtained from simplifying the general contact conditions at the triple point as derived from the thermodynamic extremal principle in reference [31] . Now let us follow the approach described in reference [32] . The geometry of the motion of the grain boundaries and the triple point is depicted in Figure 3 . The net driving force P acts in the x'-direction. The triple point can only move in the x'-direction. The velocity v tp of the triple point and the point of grain boundary 1 adjacent to the triple point have to be the same for a concomitant motion of the triple point and grain boundary 1. From Figure 2 , it follows that the normal velocity v n of grain boundary 1 at the triple point is the normal projection of velocity v tp of the triple point in the direction perpendicular to grain boundary 1. Thus, both velocities v tp and v n are related via angle θ/2: Figure 3 . Schematic sketch of the forces at the triple junction, the net driving force P, the velocity vtp of the triple junction and the normal velocity vn of e.g., the grain boundary 1 at the triple point.
The angle (    =+ / 2 / 4 ) equals  in Equation (12) of reference [32] . Thus, the term ( )  = sin sin / 2 should be in the denominator as in Equation (6), and not in the numerator, as in Equation (12) of reference [32] , or in the same equation, Equation (26) of reference [35] .
The velocity tp v at the triple point is linearly proportional to the net driving force P:
and the grain boundary velocity is proportional to the curvature  1 :
By combining Equations (6), (7) and (8) 
The parameter  follows from equating Equations (7) and (9): 
Thus, as expected, both approaches [31] and [32] result in the same expression for the parameter  . Figure 3 . Schematic sketch of the forces at the triple junction, the net driving force P, the velocity v tp of the triple junction and the normal velocity v n of e.g., the grain boundary 1 at the triple point.
Growth and Shrinkage of Polygonal Grains
The angle (θ/2 = π/4 + α) equals ϕ in Equation (12) of reference [32] . Thus, the term sin ϕ = sin(θ/2) should be in the denominator as in Equation (6), and not in the numerator, as in Equation (12) of reference [32] , or in the same equation, Equation (26) of reference [35] .
The velocity v tp at the triple point is linearly proportional to the net driving force P:
and the grain boundary velocity is proportional to the curvature κ 1 :
By combining Equations (6)-(8) the velocity v tp of the triple point is related to the grain boundary mobility m gb :
The parameter Λ follows from equating Equations (7) and (9):
Thus, as expected, both approaches [31] and [32] result in the same expression for the parameter Λ.
Two-dimensional grain growth can be described by a further quantity, the rate of area change, .
A. Mullins [49] assumed that the velocity of the grain boundary is proportional to the mean curvature, and derived the von Neumann-Mullins relations from the following general equation based on geometrical considerations (see also Figure 4 ):
where n is the number of sides or vertices of the grain. A . Mullins [49] assumed that the velocity of the grain boundary is proportional to the mean curvature, and derived the von Neumann-Mullins relations from the following general equation based on geometrical considerations (see also Figure 4 ):
Am (11) where n is the number of sides or vertices of the grain. The rate of area change 1 A and 2 A for the two cases I and II can be calculated from Equation (11) . The geometry of the grain boundaries close to the triple point are shown in Figure 1a for case I. The rate of area change, 1 A equals: Figure 4 . Grain sides i and vertices j are labelled in counterclockwise order, where β ij are the angles between the abscissa and the tangent to the i-th side at the j-th vertex (see also [49] ).
The rate of area change .
A 1 and .
A 2 for the two cases I and II can be calculated from Equation (11) . The geometry of the grain boundaries close to the triple point are shown in Figure 1a for case I. The rate of area change, . A 1 equals:
with the angles β and ϑ as shown in Figure 5a . The number of edges of the polygon is denoted by n. Two-dimensional grain growth can be described by a further quantity, the rate of area change, A . Mullins [49] assumed that the velocity of the grain boundary is proportional to the mean curvature, and derived the von Neumann-Mullins relations from the following general equation based on geometrical considerations (see also Figure 4 ):
Am (11) where n is the number of sides or vertices of the grain. The rate of area change 1 A and 2 A for the two cases I and II can be calculated from Equation (11) . The geometry of the grain boundaries close to the triple point are shown in Figure 1a for case I. The rate of area change, 1 A equals: For case II (depicted in Figure 5b ), the rate .
A 2 of area change for the shrinking grain follows as:
.
Normalized Time
For the sake of comparability with different initial situations (e.g., small grains or large grains, small or large ratios of the triple point mobility to the grain boundary mobility) a set of normalized quantities, e.g., Λ and Λ, are already introduced in a previous paragraph. The Two-dimensional growth and shrinkage of polygonal grains is described by the evolution of the grain area versus time. It is thus convenient to introduce a normalized time t. This dimension-free time t is normalized by the time τ:
where A 0 is the initial area of the polygonal grain.
Numerical Method
The contact conditions at the triple point are provided in reference [31] . The normal coordinate v n i of the velocity of grain boundary i at the triple junction is as follows:
The velocity v T of the triple junction is expressed as
with i = 1, 2, 3 being the number of the grain boundary. The normal coordinate v n i (s i ) of the velocity of grain boundary i at position s i is as follows:
The position of each nodal point j at the grain boundary i is given by a position vector r ij , and the differential equations are integrated numerically. The nodal points at the grain boundaries far from the triple point are fixed in reference [31] , which allows for case I calculations. Symmetric boundary conditions are implemented in this work. An additional node "0" is introduced at grain boundary i. This node "0" has to move in such a way that it is always at a symmetrical position compared to node "2" with respect to the symmetry line ( Figure 6 ). Various topological situations have been investigated by the extended network model in this work. 
Results

Shrinkage of a 4-Sided Grain
The special case of the growth or shrinkage of a 4-sided grain (see also Figure 2 ) is investigated by the means of this extended version of the numerical routine described in reference [31] , and by solving Equation (5). The positions of the triple point and of the grain boundaries at different times 
Results
Shrinkage of a 4-Sided Grain
The special case of the growth or shrinkage of a 4-sided grain (see also Figure 2 ) is investigated by the means of this extended version of the numerical routine described in reference [31] , and by solving Equation (5) . The positions of the triple point and of the grain boundaries at different times t are plotted in Figure 7a (case I) and Figure 7b (case II) for Λ = 2. The kinetics of the shrinking grain is similar for both cases I and II for time t ≤ 0.125, as the change in area is dominated by processes in the vicinity of the triple point. The assumption of infinitely elongated grains however, fails for t > 0.125 at Λ = 2. Then, the kinetics of a shrinking quadratic grain must be described by the symmetry boundary conditions of case II. The initial turning angle β = π/2 of the initially quadratic grain becomes small during the shrinkage of the grain until it reaches its optimum value, dependent on the actual grain size. Figure 6 . Implementation of the symmetry boundary conditions at the centers of the grain boundaries.
Results
Shrinkage of a 4-Sided Grain
The special case of the growth or shrinkage of a 4-sided grain (see also Figure 2 ) is investigated by the means of this extended version of the numerical routine described in reference [31] , and by solving Equation ( This value of β increases with increasing time and approaches β = π/2 again before the grain vanishes; compare also with reference [32] . Let us look at two 4-sided grains with the same a-value. The turning angle β will be smaller for a high value of Λ, i.e., a high triple point mobility compared to a low one.
The plots shown in Figure 8 correspond to different Λ-values. At the beginning of the simulations, the grain boundaries are straight, with grain boundaries 1 and 3 being perpendicular to each other in all cases. The simulated curves meet the analytical result from Equation (5) within numerical accuracy. The equation proposed in reference [32] differs slightly from the curve according to Equation (5), due to the error described above.
This value of  increases with increasing time and approaches /2  = again before the grain vanishes; compare also with reference [32] . Let us look at two 4-sided grains with the same avalue. The turning angle  will be smaller for a high value of  , i.e., a high triple point mobility compared to a low one. The plots shown in Figure 8 correspond to different  -values. At the beginning of the simulations, the grain boundaries are straight, with grain boundaries 1 and 3 being perpendicular to each other in all cases. The simulated curves meet the analytical result from Equation (5) within numerical accuracy. The equation proposed in reference [32] differs slightly from the curve according to Equation (5), due to the error described above.
In the following, the rate of area change A as a function of time t is determined numerically for both cases I and II, and for different values of  , as shown in Figure 9a ,b. For a given value  , the curves for case I and case II overlap before a certain time t is exceeded. The kinetics is controlled by the triple point mobility at the early shrinking stage. The deviation of the curves for the two cases is reached after a very small time t in the case of a very high  -value, i.e., In the following, the rate of area change .
A as a function of time t is determined numerically for both cases I and II, and for different values of Λ, as shown in Figure 9a ,b. For a given value Λ, the curves for case I and case II overlap before a certain time t is exceeded. The kinetics is controlled by the triple point mobility at the early shrinking stage. The deviation of the curves for the two cases is reached after a very small time t in the case of a very high Λ-value, i.e., Λ = 2 × 10 7 . This deviation takes place after a longer time period at moderate values of Λ, i.e., Λ = 2. The rate of area change , approximate the analytical solutions based on Equation (5) . It is demonstrated that the error made in [32] does not alter the analysis qualitatively, but quantitatively. Both analytical results-the first according to Equation (5) , and the second from Equation (14) of reference [32] -cannot be distinguished for The shrinkage of the area of the grain is calculated according to Equation (5) for four different Λ-values, a very high Λ = 2 × 10 4 , a medium value (Λ = 2), a low value (Λ = 1), and an even smaller value (Λ = 0.2). The shrinkage of the normalized area A/A 0 for Λ = 2 · 10 4 and Λ = 2 versus time t is plotted in Figure 10a . The area shrinkage for Λ = 1 and Λ = 0.2 is presented in Figure 10b . A-square shaped object with A = A 0 is the starting configuration for the numerical calculations. The analytical results start from a value higher than unity, since the angle β is smaller than π/2, meaning that the area of the curved segments is to be added to area of the square. The numerical results of both cases, Λ = 2, and Λ = 2 × 10 4 , approximate the analytical solutions based on Equation (5) .
It is demonstrated that the error made in [32] does not alter the analysis qualitatively, but quantitatively. Both analytical results-the first according to Equation (5) , and the second from Equation (14) of reference [32] -cannot be distinguished for Λ = 2 × 10 4 , but they differ for Λ = 2 and the deviation becomes larger with decreasing Λ-values, as shown in Figure 10b. t is plotted in Figure 10a . [32] does not alter the analysis qualitatively, but quantitatively. Both analytical results-the first according to Equation (5) , and the second from Equation (14) of reference [32] -cannot be distinguished for It is remarkable that the analytical solution according to Equation (5) and the numerical analysis result in the same extinction times for A/A 0 . Although the area for the 4-sided grain with the ideally bulged grain boundaries is larger than the square-shaped object it shrinks faster on average, so that the same extinction time is reached. This is markedly clear for the blue continuous line (numerical result), and the dot and dash line (analytical result) for Λ = 2 × 10 4 .
Zöllner and Rios [43] investigated the influence of the triple junction mobility on grain growth by the means of a square-lattice Monte Carlo Potts model. They developed a self-similar function relating the number of neighboring grains to the radius change rate. In addition, Streitenberger and Zöllner [44] derived von Neumann-Mullins-type evolution for 3D polycrystalline grain microstructures. Whereas the area A is a linear function of time for infinite triple junction mobilities, they found that the radius R depends linearly on time for low triple junction mobilities. Thus, the ratio of grain radius R/R 0 , with R 0 being the initial radius, is numerically calculated and plotted versus time t in Figure 11 . It is also observed that the function R/R 0 of t becomes closer and closer to a linear relation, the smaller the values of Λ are. A deviation from this linear function is observed for very small grain radii only, at least for the Λ-values investigated in this work. Novikov [42] states that grain growth affected by a finite mobility of boundary junctions occurs at three stages. The first stage is controlled by quadruple junctions, the second linear stage by triple junctions, and the third by finite grain boundary mobility. The results presented in Figure 11 seem to reveal the second and also the third stage of grain growth kinetics. Zöllner and Rios [43] investigated the influence of the triple junction mobility on grain growth by the means of a square-lattice Monte Carlo Potts model. They developed a self-similar function relating the number of neighboring grains to the radius change rate. In addition, Streitenberger and Zöllner [44] derived von Neumann-Mullins-type evolution for 3D polycrystalline grain microstructures. Whereas the area A is a linear function of time for infinite triple junction mobilities, they found that the radius R depends linearly on time for low triple junction mobilities. Thus, the ratio of grain radius 0 / RR , with 0 R being the initial radius, is numerically calculated and plotted versus time t in Figure 11 . It is also observed that the function 0 / RR of t becomes closer and closer to a linear relation, the smaller the values of  are. A deviation from this linear function is observed for very small grain radii only, at least for the  -values investigated in this work. Novikov [42] states that grain growth affected by a finite mobility of boundary junctions occurs at three stages. The first stage is controlled by quadruple junctions, the second linear stage by triple junctions, and the third by finite grain boundary mobility. The results presented in Figure 11 seem to reveal the second and also the third stage of grain growth kinetics. 
Kinetics of Polygonal Grains
The shrinkage of a regular pentagon and the growth of a regular heptagon and an octagon is investigated by the means of the extended numerical routine and case I and case II are compared. The initial area
Aa is set to be the same for all polygons: square, pentagon, heptagon, and octagon. This means that a is the half length of one side of the initially quadratic grain, but a is 
The shrinkage of a regular pentagon and the growth of a regular heptagon and an octagon is investigated by the means of the extended numerical routine and case I and case II are compared. The initial area A 0 = a 2 0 is set to be the same for all polygons: square, pentagon, heptagon, and octagon. This means that a 0 is the half length of one side of the initially quadratic grain, but a 0 is larger than an edge side, in the case of polygons with n > 4 and smaller for n = 3. The unit cell for the grain boundaries of a shrinking pentagon is plotted in Figure 12 The unit cell for grain boundaries of a growing heptagon is plotted in Figure 12 The octagon is growing much faster than the heptagon, which becomes evident by comparing the growth kinetics of the 7-sided and the 8-sided grain (Figures 13b and 14b) . The grain boundaries exhibit a stronger convex curvature between the triple points for the polygon with the higher number of edges. The grain boundaries have already reached their final position after 0.25 = t for the heptagon (Figure 13a ) and the octagon arrangements (Figure 14a ), assuming infinite grains, i.e., case I. Thus, the assumption of finite grains is only valid for rather small values of time for these cases. The unit cell for grain boundaries of a growing heptagon is plotted in Figure 12 for Λ = 2. The octagon is growing much faster than the heptagon, which becomes evident by comparing the growth kinetics of the 7-sided and the 8-sided grain (Figures 13 and 14) . The grain boundaries exhibit a stronger convex curvature between the triple points for the polygon with the higher number of edges. The grain boundaries have already reached their final position after t = 0.25 for the heptagon (Figure 13a ) and the octagon arrangements (Figure 14a ), assuming infinite grains, i.e., case I. Thus, the assumption of finite grains is only valid for rather small values of time for these cases.
The growth of the initially regular heptagon and octagon, and the shrinkage of the pentagon and the square are shown in Figure 15 , where the relative area A/A 0 is plotted versus normalized time t. The insert is a magnification of the situation at small times t. In the case of shrinking grains, case I approximates case II for a time t ≤ 0.025, and the curves deviate at very small times for growing grains. The unit cell for grain boundaries of a growing heptagon is plotted in Figure 12 The octagon is growing much faster than the heptagon, which becomes evident by comparing the growth kinetics of the 7-sided and the 8-sided grain (Figures 13b and 14b) . The grain boundaries exhibit a stronger convex curvature between the triple points for the polygon with the higher number of edges. The grain boundaries have already reached their final position after 0.25 = t for the heptagon (Figure 13a ) and the octagon arrangements (Figure 14a ), assuming infinite grains, i.e., case I. Thus, the assumption of finite grains is only valid for rather small values of time for these cases. 
Growth and Shrinkage of Grains Depending on the Surrounding Grain Arrangement
It is possible to describe the grain growth of different idealized grain arrangements by investigating the motion of the triple junction and the adjacent grain boundaries. It is tacitly assumed 
It is possible to describe the grain growth of different idealized grain arrangements by investigating the motion of the triple junction and the adjacent grain boundaries. It is tacitly assumed in Section 3.1 that the initially quadratic grain is surrounded by octagons (Figure 16a) , case A. However, the surface plane could alternatively be filled by quadratic grains surrounded in alternating order by hexagons and dodecagons (Figure 16b) , case B. The dodecagons might represent huge grains as they can occur during abnormal grain growth. The time-dependent displacement of the grain boundaries is depicted in Figure 17a for both arrangements A and B for Λ = 2. The shrinkage of the area is plotted versus time for both cases in Figure 17b . It is worth noting that the grain arrangement A will degenerate to a surface tessellated by larger quadratic grains as the original octagons become squares and the original squares vanish. The initially quadratic and then rectangular grains in arrangement B will degenerate to a single grain boundary connecting triangular grains with each other and separating dodecagonal grains. These dodecagons will possess larger and smaller edges. In a next step the smaller edges of the dodecagons will grow as the triangles shrink and this will finally result in a surface tessellated by hexagons (Figure 18a ). The plane tessellated by dodecagons and triangles is represented by a "unit-cell" with It is worth noting that the grain arrangement A will degenerate to a surface tessellated by larger quadratic grains as the original octagons become squares and the original squares vanish. The initially quadratic and then rectangular grains in arrangement B will degenerate to a single grain boundary connecting triangular grains with each other and separating dodecagonal grains. These dodecagons will possess larger and smaller edges. In a next step the smaller edges of the dodecagons will grow as the triangles shrink and this will finally result in a surface tessellated by hexagons (Figure 18a ). The plane tessellated by dodecagons and triangles is represented by a "unit-cell" with two grain boundaries having the length of the half sides of the equilateral triangle, and the third grain boundary being the half of the smaller edge of the dodecagon (see Figure 18a , the "unit-cell", is It is worth noting that the grain arrangement A will degenerate to a surface tessellated by larger quadratic grains as the original octagons become squares and the original squares vanish. The initially quadratic and then rectangular grains in arrangement B will degenerate to a single grain boundary connecting triangular grains with each other and separating dodecagonal grains. These dodecagons will possess larger and smaller edges. In a next step the smaller edges of the dodecagons will grow as the triangles shrink and this will finally result in a surface tessellated by hexagons (Figure 18a ). The plane tessellated by dodecagons and triangles is represented by a "unit-cell" with two grain boundaries having the length of the half sides of the equilateral triangle, and the third grain boundary being the half of the smaller edge of the dodecagon (see Figure 18a , the "unit-cell", is highlighted). The shrinkage of the triangle has been investigated numerically for Λ = 2, and is shown in Figure 18b . The area A 0 of the initial triangle is the same as that of the initial square. It is evident that the 3-sided grain shrinks at a faster rate than the 4-sided grain, when comparing Figures 7 and 18 . In addition, the influence of different mobilities of distinct triple junctions on grain kinetics is investigated. The initially quadratic grain (arrangement B) is subjected to grain shrinkage. The distorted network is calculated for a short time 0.0625 = t , with the assumption of case I, i.e., infinitely large elongated grains is still valid. A direct connection of several sets of triple junctions and adjacent grain boundaries would allow for longer simulation times, and is planned for future work. However, we consider that case I already does allow for drawing certain conclusions with respect to the effect of different triple junction mobilities on the growth kinetics. The initial and the deformed grain boundary structures are depicted in Figure 19 Figure 19 that simply by assuming different mobilities of the triple junctions, the symmetry of the arrangement is completely broken. The grain boundaries at triple junction A and triple junction A almost remain at their initial position due to their low  -value, and the junctions with higher mobilities markedly move and the angles between the grain boundaries come closer to the ideal value of 2/3. The kinetics of any triple junction with its three adjacent grains-controlled by the mobility of the triple junctionis also influenced by the motion of the neighboring grain boundaries and triple junctions in a complex manner. Already after short time of investigation it is clear that the triple points will not follow straight but curved trajectories during the shrinkage of the grain. In addition, the influence of different mobilities of distinct triple junctions on grain kinetics is investigated. The initially quadratic grain (arrangement B) is subjected to grain shrinkage. The distorted network is calculated for a short time t = 0.0625, with the assumption of case I, i.e., infinitely large elongated grains is still valid. A direct connection of several sets of triple junctions and adjacent grain boundaries would allow for longer simulation times, and is planned for future work. However, we consider that case I already does allow for drawing certain conclusions with respect to the effect of different triple junction mobilities on the growth kinetics. The initial and the deformed grain boundary structures are depicted in Figure 19 Figure 19 that simply by assuming different mobilities of the triple junctions, the symmetry of the arrangement is completely broken. The grain boundaries at triple junction A and triple junction A almost remain at their initial position due to their low Λ-value, and the junctions with higher mobilities markedly move and the angles between the grain boundaries come closer to the ideal value of 2π/3. The kinetics of any triple junction with its three adjacent grains-controlled by the mobility of the triple junction-is also influenced by the motion of the neighboring grain boundaries and triple junctions in a complex manner. Already after short time of investigation it is clear that the triple points will not follow straight but curved trajectories during the shrinkage of the grain. 
Discussion
The growth or shrinkage of n-sided polygonal shaped grains is investigated. Boundary conditions for infinitely elongated grains are applied in case I. The curvature of the grains remains continuous at the centers of the grain boundary by applying symmetry boundary conditions in case II. The results coincide in a first stage, but already at small values of the normalized time t growth kinetics diverge for both cases. The deviation increases with increasing turning angle  (i.e., with increasing number n of the n-sided polygon. It is thus possible to mimic the initial stage by setting the angles 1  , 2  and 3  at the triple junction and assuming infinite grains. However, for later stages of the growth it is crucial to implement the (local) grain topology by appropriate boundary conditions. The shrinkage of the area with time is almost similar for both arrangements A and B (Figure  17a ), i.e., the area shrinkage of the initially quadratic grains does not depend on the surrounding grains. This result is a direct consequence of the Neumann-Mullins topological expression, Equation (10) , with the sum of the turning angles in asymmetric case B being similar to the sum in symmetric case A. However, the evolution of the shape of the initially quadratic grain strongly depends on the surroundings. The quadratic shape is conserved for arrangement A whereas the initially quadratic grain becomes rectangular for arrangement B during shrinkage. The quadratic shape for arrangement B would be conserved only in case that grain boundary between the dodecagon and the hexagon (short dotted line in Figure 17a ) is immobile, e.g., by particles that effectively pin this grain boundary. It is remarked in reference [32] (p.551) that "equiangular hexagonal grains are completely static and can only evolve through topological interactions with neighboring grains". An example for such a topological change is presented in arrangement B, where the equiangular hexagonal grains change their shape due to the growth of the dodecagons and the shrinkage of the squares.
The description of grain growth in two dimensions becomes more realistic, the greater the number of different polygonal grains that are introduced into a single model (e.g., dodecagons, hexagons, and squares are more realistic than dodecagons and squares). This result for grain growth is qualitatively comparable to the findings of Glicksman [50] , where they succeed in describing three dimensional grain boundary structures by average n-hedra. This constructible or non-constructible, 
The growth or shrinkage of n-sided polygonal shaped grains is investigated. Boundary conditions for infinitely elongated grains are applied in case I. The curvature of the grains remains continuous at the centers of the grain boundary by applying symmetry boundary conditions in case II. The results coincide in a first stage, but already at small values of the normalized time t growth kinetics diverge for both cases. The deviation increases with increasing turning angle β (i.e., with increasing number n of the n-sided polygon. It is thus possible to mimic the initial stage by setting the angles α 1 , α 2 and α 3 at the triple junction and assuming infinite grains. However, for later stages of the growth it is crucial to implement the (local) grain topology by appropriate boundary conditions.
The shrinkage of the area with time is almost similar for both arrangements A and B (Figure 17a ), i.e., the area shrinkage of the initially quadratic grains does not depend on the surrounding grains. This result is a direct consequence of the Neumann-Mullins topological expression, Equation (10) , with the sum of the turning angles in asymmetric case B being similar to the sum in symmetric case A. However, the evolution of the shape of the initially quadratic grain strongly depends on the surroundings. The quadratic shape is conserved for arrangement A whereas the initially quadratic grain becomes rectangular for arrangement B during shrinkage. The quadratic shape for arrangement B would be conserved only in case that grain boundary between the dodecagon and the hexagon (short dotted line in Figure 17a ) is immobile, e.g., by particles that effectively pin this grain boundary. It is remarked in reference [32] (p.551) that "equiangular hexagonal grains are completely static and can only evolve through topological interactions with neighboring grains". An example for such a topological change is presented in arrangement B, where the equiangular hexagonal grains change their shape due to the growth of the dodecagons and the shrinkage of the squares.
The description of grain growth in two dimensions becomes more realistic, the greater the number of different polygonal grains that are introduced into a single model (e.g., dodecagons, hexagons, and squares are more realistic than dodecagons and squares). This result for grain growth is qualitatively comparable to the findings of Glicksman [50] , where they succeed in describing three dimensional grain boundary structures by average n-hedra. This constructible or non-constructible, but mathematically defined n-hedra, is used as a topological proxy of network polyhedral that contain the same number of faces [51, 52] . Different grain topologies can be introduced by setting appropriate boundary conditions. The kinetics of grain growth is simulated and applied to idealized grain boundary networks. The following results are obtained:
(1) The dimensionless parameter Λ describing the shrinkage of an n-sided (here 4-sided) equilateral polygon is derived from the thermodynamic extremal principle, according to reference [31] and from the force balance following reference [32] , and after correcting equations, both approaches lead to the same result. (2) It is demonstrated that the motion of the triple junction and the adjacent grain boundaries can be used to realistically simulate the growth kinetics for only a small period of time, when the boundary condition corresponding to infinitely large grains is used. (3) Triple point and adjacent grain boundary "unit-cells" have been constructed for 4-sided, 5-sided, 7-sided, and 8-sided equilateral polygonal grains. In accordance with theory, the grains with n < 6 shrink, whereas grains with n > 6 grow. The grain boundaries are curved positively (convex out of the grain) for n < 6, and negatively (concave into the grain). Here, it is tacitly assumed that the surrounding grains alter their topology in a completely symmetrical manner. (4) The final time of grain extinction is the same no matter whether the 4-sided grain starts at its bulged shape obtained from the forces acting at the triple point, or if the initial grain is assumed to be quadratic ( Figure 10 ). It is likely that this feature grain growth also applies for 3-sided or 5-sided grains. (5) The simulations confirm that equilateral triangles (Figure 18b ) shrink faster than equilateral squares (Figure 7b ) of the same initial size, and with the same triple point and grain boundary mobilities and energies. The growth rate of equilateral n-sided grains increases with an increasing number of edges n. (6) It is shown that the initially quadratic grain becomes a rectangular shape in the case that the grain boundary pointing away from the grain is not immobile, and it does not lie in the bisecting line of the other grain boundaries. The shrinkage of the area, however, is practically the same for both cases. Only the last stage is slightly faster in the case that the rectangular shaped grain is almost degenerated to a line compared to the case with the conserved symmetry of the grain. (7) It is observed that a larger number of different n-sided polygonal grains introduced into the grain boundary network (squares, hexagons and dodecagons compared to octagons and squares) results in a more realistic evolution of the grain network. The initially equilateral hexagonal grains change their shape, due to the shrinkage of the initially quadratic grains, and due to the growth of the initially dodecagonal grains. It is worth noting that a change from a grain boundary network with 4-sided grains to one containing even more unstable 3-sided grains takes place during the minimization of grain boundary energy in the system. This topological change occurs without forming quadruple junctions in contrast to a further possible topological change described in reference [39] . (8) In contrast to the shrinkage of regular n-sided grains with infinite triple junction mobilites, the shrinkage of regular n-sided grains with different triple junction mobilites results in a deformed n-sided grain, where the triple points do not migrate on straight lines, but follow complicated curved trajectories.
It has been already shown in previous works with various numerical methods that grains-even when a finite triple junction mobility is considered-will shrink for a number of edges n ≤ 5 and grow for n ≥ 7, see e.g., references [2] and [44] . However, the calculations in this work demonstrated that all these calculations can be done by means of the vertex model developed in this work and the improved analytical relation β(Λ) is confirmed.
Conclusions and Outlook
The kinetics of grain growth are investigated by using distinct triple junction-grain boundary "unit cells" and the following conclusions can be drawn:
• Both, the shrinkage of n-sided grains with n < 6 and the growth of grains with n > 6 is calculated depending on a finite triple junction mobility expressed by a dimensionless quantity Λ, independent of grain size. The numerical results agree very well with the modified analytical solution. It is confirmed that the area A of the grain containing triple junctions with high mobilities decreases linearly in time for n = 4. In case of triple junctions with low mobilities, the grain radius R shrinks linearly in time, except for the very last stage.
• A triple junction-grain boundary "unit cell" is constructed in order to tessellate the plane by square shaped grains surrounded by hexagonal and dodecagonal grains. In contrast to the square-shaped grain surrounded by hexagons, an additional topological change is observed for this more realistic initial microstructure.
•
It is demonstrated that different triple junction mobilities have the potential to break an initially assumed symmetry of the grain topology completely, and thereby may lead to rather complex, strongly time dependent grain structure topologies.
It is expected that the theoretical and numerical tools developed in this work will help to interpret the dissipative processes of the growth kinetics when analyzing experimental results, e.g., in-situ movies of grain growth from laser scanning confocal microscopes. As an example, a low grain boundary mobility will be attributed to grain boundaries that are hindered in their motion by e.g., solute drag or particle pinning and different topological situations can be mimicked and thus grain boundary and triple junction mobilities can be estimated.
